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value E, was taken as —0.51 kcal'mol™. This energy value
of 7, is almost the same as that proposed by Abe, which
is —0.64 kcal'mol™. The difference between E, for the
oligomers and that for 2,4-dimethoxypentane suggests that
interaction farther than three bonds influences the first-
order interaction 7,.

Gauche Effect

For molecules containing electronegative atoms the
semiempirical energy calculation does not agree with ex-
perimental data. However, by taking into consideration
the gauche effect, the estimated conformational characters
become consistent with those observed. The gauche effect
has been noted for the atom pairs in gauche situations such
as 0.0, 0--C, and F-~F.%! The energies of the gauche
effects are in the range of ca. 0~1 kcal-mol™ but they
cannot be determined only by the species of the atoms in
the gauche arrangement. Abe!® proposed the gauche effect
for E, to be -0.2 kcal-mol™ from experimental data, that
is, coupling constants of 2,4-dimethoxypentane, the dipole
moment, and the characteristic ratio of polymers. Our
investigation results in a value of —0.56 kcal-mol™ for the
gauche effect, which is a little larger than the value pro-
posed by Abe. One of the causes of this difference seems
to be that the energy E,, for the G form estimated by Abe
is higher than our results. The gauche effect, which is
derived from the incompleteness of the functions for the
conformational energy calculation, is not the extra stabi-
lization effect of the gauche arrangement. Therefore, the
energy functions as used here should be modified by the
experimental results, as described in this paper.
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Excluded Volume in Star Polymers: Chain Conformation Space
Renormalization Group
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ABSTRACT: The chain conformational renormalization group method is applied to the calculation of the
distribution functions for intersegment distance vectors, the mean square intersegment distances, the mean
square radius of gyration, the osmotic second virial coefficient, and the interpenetration function for f-branched
star polymers. The calculations provide the full crossover dependence of all quantities on the strength of
the excluded volume interaction and the chain length. The results provide a picture of excluded volume effects
on the conformations of star polymers which is rather different from that assumed in recent scaling models.
Some of the important information concerning the structure of the star polymers emerges from the prefactors
since many power law exponents are independent of the number of branches, thereby emphasizing the importance

of evaluating these prefactors.
I. Introduction
Star polymers have been attracting a considerable

*On leave of absence from the Department of Physics, Interna-
tional Christian University, Tokyo.

amount of experimental and theoretical interest. Exper-
imental work in dilute solutions has been performed by
light scattering!~® and by the measurement of hydrody-
namic and rheological properties.*® In addition, a number
of experiments have focused on star polymers in concen-
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trated solutions and melts, but it is in the dilute solution
limit where polymer characterization is generally made.

The complexity of star polymers has led much of the
theoretical work”!! to be concerned with the conforma-
tional statistics of star polymers in O solvents, despite the
likelihood that a many-branched star polymer may not
have a simple 6 point because of the very high monomer
density in the neighborhood of the center of the star.
Naturally, the theoretical focus on ideal solutions of star
polymers has been accompanied by experimental efforts
in 6 solutions. Here we emphasize how the study of star
polymers in good solutions for varying numbers of
branches can help to provide the wealth of data necessary
to firmly test theories of polymer excluded volume.

Recently, Daoud and Cotton!? have proposed a model
for the conformation of star polymers in good solvents on
the basis of blob concepts!®!* and a geometric-type model
for the average chain structure. Their model assumes the
blob size, and consequently the monomer concentration,
to be a monotonically decreasing function of the distance
from the center (i.e., internal branch point) of the star.
This assumption combined with the blob-type arguments
indicates the presence of three different regimes as a
function of the radial distance from the star’s center.
These regions are (1) a close-packed core of constant
monomer density, (2) a high monomer concentration in-
termediate zone where the excluded volume interaction
is screened so the chain segments are Gaussian, and (3)
a lower monomer concentration exterior where excluded
volume effects are present within the blobs. Some of their
predicted results are found to be in good agreement with
experiment.! However, they have assumed a rather ad hoc
geometrical model of the star polymer involving assump-
tions of the size of the blobs as a function of the distance
from the star center which remain to be tested on the basis
of a rigorous theory. In addition, were this blob model to
be precisely correct, it would still suffer from the defi-
ciencies of all blob-model calculations. These treatments
are based upon scaling theories that describe only the
asymptotic limit of long enough chains (here star arms)
and strong enough excluded volume. The criteria for the
occurrence of this idealized limit cannot be given by the
scaling theory nor can corrections to the limiting behavior.
Moreover, the scaling theories focus only on molecular
weight and concentration power law exponents, ignoring
the important prefactors and distribution functions. The
blob models cannot properly describe the crossover region
between the Gaussian chain limit and the idealized ex-
cluded volume limit, and a more rigorous and theoretically
well founded theory is required to alleviate these defi-
ciencies of the scaling method.

Here we provide a test of the Daoud—Cotton model of
star polymers as well as detailed calculations of a wealth
of properties of star polymers with excluded volume using
the renormalization group method. The chain conforma-
tional renormalization group approach has been shown to
be powerful enough to enable the calculation of interesting
polymer distributions such as that for the end-to-end
vector,!% internal vectors,'®!7 and the coherent scattering
function.!® Furthermore, the theory properly provides the
crossover behavior between the Gaussian and self-avoiding
chain limits.’® The calculations are designed to provide
further insight into the effects of branching in polymers,
and other geometrical branching structures like comb
polymers, etc., can readily be handled by the same meth-
ods. The current theory is limited to situations where the
local monomer density is not so high that considerations
of packing become relevant. This is because the traditional
continuum excluded volume theories describe excluded
volume by point interactions, while at high volume frac-
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tions (>20-30%) the hard-core packing volume of the
monomers becomes a relevant parameter that cannot be
ignored. Experimental data suggest that this traditional
theory is applicable for star polymers with up to 6 or 7
branches, so corrections for packing volume are probably
necessary for a larger number of branches.

We utilize a Gell-Mann—Low type renormalization pro-
cedure® in chain conformation space with the cutoff a
retained’® as opposed to the dimensional regularization
technique.’® The general theoretical background is sum-
marized in section II in a physical fashion that displays
the conceptual framework of the theory. The distribution
function for intersegment distances is evaluated for pairs
of segments lying on the same or different branches in
section III. The full crossover results are given as a
function of the branch lengths and the strength of the
excluded volume interaction. This provides the effective
exponents » for the mean square chain size and v for the
number of chain conformations as a function of the num-
ber of branches f and the crossover variable {, The mean
square intersegmental distances and the mean square ra-
dius of gyration are then readily determined in section IV
from the distributions. The results vividly display the
combined effects of chain branching and excluded volume,
and a picture rather different from the Daoud-Cotton
model emerges out of this detailed information concerning
the structure of star polymers. This picture is discussed
in detail in section VI after calculations of the osmotic
second virial coefficient and the interpenetrating function
are presented in section V. The calculational methods
have been extensively explained in previous papers,!>1®
so they are not provided in detail. We present all the
diagrams and their computed values in the appendices for
those who are interested in some of the lengthy theoretical
details. Otherwise, we quote the results of the lengthy
calculations and display some of them graphically.

II. Theoretical Background

Here we summarize the basic features of the chain
conformational space renormalization group method nec-
essary to define the model and to provide a physical un-
derstanding of the method. Details of the theoretical
procedure are given in a series of previous papers'®? for
interested readers.

The model of a star polymer employed here is that of
a continuous chain with f branches joined at the center,
which is taken to be at the origin of the coordinate system.
The polymer has excluded volume and would reduce to
a Gaussian star polymer for vanishing excluded volume.
Let r(7;) designate the position of the chain segment at
a contour distance 7; along the ith branch. 7, increases
from the star center at the position r(r,=0) = 0. For
convenience, we take all branches to be of equal length to
simplify the algebraic expressions, but the unequal arm
length case is readily extracted from the given calculations
in the appendices.

A convenient configurational variable is taken as

c(r) = (d/DY%x(r) (2.1)

with d the dimensionality of space and [ the Kuhn effective
step length. The dimensionless Hamiltonian is written in
terms of ¢(r;) as

H =1 f. N, )
o = X . dr [de(r) /dr) +
f N
]/Zl)ol;f 'II‘T{-T[’|>GdTi dTi/ B[C(Tl) - C(Tl’)] +
ff N,
o f f o7 4 Ble(r) — e(r)] (22)

i=j=1
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where N, is the length of each branch of the continuous
star polymer model, v, is the microscopic bare excluded
volume describing binary interactions between units, and
a is a cutoff contour length to eliminate contributions from
self-excluded volume interactions. Equation 2.2 contains
three terms: the first term is the entropic contribution
providing chain connectivity, while the second and third
terms, respectively, involve intra- and interbranch excluded
volume interactions.

Consider a microscopic function of the chain confor-
mation @[c(r;)] for which a long-wavelength macroscopic
average € exists. A bare, unrenormalized expectation value
Qg is obtained from the model (2.2) in the usual fashion

&p(vo,Nof,a) = fD[c(Ti)]Q[c(ﬂ')] expi-H,[e(r)]} (2.3)

where D[c(7;)] is the integration measure for the contin-
uous Gaussian chain.® Since Qg is not necessarily properly
normalized, the observable @ may differ from Qg by a
normalization constant

Q = ZQQB(UO’NO’f)a) (24)

where Z also serves the renormalization role of eliminating
from Qg some sensitive microscopic dependences therein
which cannot be present in the long-wavelength macro-
scopic limit. This arises because the calculated Qg of (2.3)
is found to be a singular function of the cutoff a in the limit
a — 0, and it is a central reason for the need for nor-
malization. Examples of (2.3) and (2.4) are presented in
section III.

The microscopic model displays the correct long-wave-
length properties of the polymers, but the continuous chain
model is clearly incorrect over short distances. Hence, the
actual branch length N, proportional to the molecular
weight, need not be identical with the model length N,
Since, say, doubling N, should double N, they must be
proportional to each other

N = Z;N, (2.5)

Note that (2.5) is just a particular example of (2.4). Z,
therefore depends on microscopic details like a.

The bare excluded volume v, in (2.2) describes a binary
encounter between a pair of segments, whereas on a ma-
croscopic coarse-grained length scale L the cooperative
effects of excluded volume are summarized through the
macroscopic excluded volume v, which must be inde-
pendent of N, (or N). It is convenient to introduce the
dimensionless variables

up = volt/?,  u = vL? (2.6)

where ¢ = 4 - d.
The relation between these macroscopic and microscopic
interaction parameters may be expressed as

u = u(uga/L) 2.7

a/L is the only other dimensionless variable not involving
N, or N that may be constructed from the model.

Qg from (2.3) is obviously independent of L, since L
appears nowhere in @[c(r;)] or H,[e(r;)]. Hence, we have
the trivial statement

[ QB(DO,NO’f’a) ] =0 (2.8)

vo.No.fsa

However, inserting the macroscopic—microscopic rela-
tions from (2.5) and (2.7) into (2.3) and noting that the
dimensionless Z, and Z, (2.4) depend on u and a/L enable
(2.8) to be transformed into the highly nontrivial renor-
malization group (RG) equations?®
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k) 9 dln Z
[LE B - L +
dlnZ, 4
L Na_ﬁ UO’NOJ,QQ(u,N,f,L) =0 (2.9)
with the Gell-Mann-Low function
Blu) = aL wNofa (2.10)

The general solution of (2.8) is'®

vl(x)
Qu,N.f,L) = exp[f 500) ]
N ‘/2(96) P L
oxp f By P f Bx)

(2.11)
where
dlnZy
M) = L—~ soNofa (2.12)
d1n Z,
yolu) = L L ]Uo»Nva, (2.13)

F is an arbitrary well-behaved function to be determined,
and u, is an arbitrary macroscopic parameter that may be
chosen conveniently along with F. The function F is ul-
timately specified by comparison with the renormalized
calculated Qg from (2.3). The combination of (2.11) with
simple dimensional analysis of @ enables the scaling form
of @ to be derived under the conditions that either N —
o for u # 0 or u — u* such that 8(u*) = 0. However, the
general case of (2.11) is valid even when this scaling limit
is not met.
One of the previous papers!® pursues the analysis with
a small but nonzero a such that a/L « 1. In this case the
quantities @y are found to display a singular dependence
on a/L. Hence, Zg, Zy, and u(uga/L) are chosen to absorb
all these singular terms in order that @(u,N,f,L) is inde-
pendent of these microscopic detailed singularities. It is
readily found that u(uga/L) must be the same for the
linear and star polymers, so we quote the results'®
"
u=u,+ —02 In 27a/L) + .. (2.7a)
ks
(This is because the star and linear polymers belong to the
same universality class.) Substituting (2.6) and (2.7a) into
the definition (2.10) of uo(u) yields
Bu) = —u -— + Owd,ue) (2.14)
7r
Hence, the scaling limit ensues for arbitrary macroscopic
N whenever u = u*, with
u* = 372 + O(e) (2.15)
It should be noted that the calculations proceed by the
traditional excluded volume perturbatlon expansion? in
powers of v, with subsequent expansion in ¢ = 4 — d. The
latter is introduced because the perturbation expansion
is well-known to be a series in the dimensionless variable
voNo%, which is of little use for long polymers Ny — «.
However, the subsequent ¢ expansion
0N€/2=U01+ InNo

——(ln N2 + ... (2.16)
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gives the controllable expansion parameter ¢ In N, for ¢
small and N, large. The RG equation (2.9) provides the
means for extending the calculation for ¢ « 1 to the
physically interesting domain of ¢ = 1. For instance, the
radius of gyration Ry, is predicted from (2.11) to have the
scaling form Rg = bN" foru = u* or N —> « foru = 0. If
the ¢ expansion yields Rg = bNY2[1 + me In N + O(é?)],
then to order ¢ this implies » = 1/, + me, etc. Note that
the actual expansion parameter turns out to be ¢/8. The
details of this type of analysis have been given previous-
ly,'*1? 50 we do not give them again in the present context.

ITII. Distribution Functions for Intersegment
Distance Vectors

A. Case Where Both Segments Lie on the Same
Branch. Recall that the star center is taken as the origin
of the coordinate system. Consider two segments located
at contour distances Nyx and N,y along the same branch
and let their spatial positions be r; and r,, respectively.
We seek the two fixed-segment partition functions
G(r,,rox,v;u,N,f,L) with r = r; — r;. When normalized,
G is converted to the intrabranch internal vector distri-
bution function.

The bare distribution function is evaluated as a specific
example of (2.3) as

Ga(rxyiwoNofa) = [ dr, [ Dle(r)lele(Nos) -

(d/DY2r118[e(Ngy) - (d/DY%(x, + 1)] expl-H,[c(7)]}
3.1)

with H, given in (2.2). The perturbation expansion of (3.1)
to order v, is written as

GB(r!xxy;UO’NO’f’a) =
Go(e,No(y — %)) — vyG1(e,Nopx,Noy) + O(ve?) (3.2)

where the zeroth-order Gaussian distributionin d = 4 -
¢ dimensions is

Gole,Noly - %)) =
[27No(y — x)]7%4/2 exp[-e?/2Ny(y - x)] (3.3)

The individual contributions to G, are given in Appendix
A, where they are represented diagrammatically. The
terms in (A.1)-(A.6) are identical with those for a linear
polymer of bare length N, while those in (A.7)-(A.10)
would be for a linear polymer of bare length 2N,. The
terms (A.7)-(A.10), however, enter with weights of f - 1.
Only (A.11) is a fundamentally new diagram for the
branched polymer. Appendix A presents the values of each
diagram after an expansion in ¢ through order %, where
we obtain

Gl(c,Nox,NOy) =
1
Gole,Noly - x))(zw)2

—IMf-2 N
%—llnf+l—37—lnx"ln(l_y)+

N, N,
[f—ﬁ—(ao—1)1n—°+
a a

3ln(y—x)+az—aoll+ln(y-—x)—('y+lna0)}—
4]

SInag+ ——{(1+x-3) A
¢ aply - x) ) exp a01+x—y

y-x y-x
y exp{ —«aq . -{l-x)exp e >y +
y—-x y-—-x y-x
E + - _ ] -
l(aO x ) El(aol_y) El(aol +x—y)
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Alag—— ) - Pl a2 ) + 1{1 In(1+
v W, f-Dylnx-In(

_ror
cv02+x—y

1
x)+;—0m[(2+x—y)exp

y—-Xx
Q+x-y) exp(—aom)— 1+y) X%

y-x y-x
exp —a01+x + y expl -« o ]+
y—x y-—x
El(a°1+x—y)_El(a°2+x—y)_
y-—x y-x x
El(ao P )+E1(a0m)+F(ao;y_x)—

F(ao;l + ")} LYDE-2) 2)] (3.4)
y-x 2

where
(e ) = c2/2N0('y - x) (3-5)

Ey(x) = j;“e-t dt/t = foxu —ef)dt/t-Inx -~y

(exponential integral??) (3.6)
1 t+ 2\ agt?
Fled) = J, & oy exp{"t(l —0+ x}
3.7

and v is Euler’s constant.

Equation 3.4 has terms that become singular in the limit
a/L — 0, thereby displaying a sensitivity to microscopic
details that should not be present in the long-wavelength
observable G. Contributions in Ny/a enter in the form of
a portion of the chain free energy, so these terms can be
absorbed into the definition of the zero of energy by
VofNy/4m%a. The logarithmic terms in a/L are more sig-
nificant and are absorbed into the definitions of Z; and
ZZ of

_ u Y- -2) 2ra
Ze=1- (27")2: 5 - 1} In T + ... (3.8)
Zy=1-—Y1n 2™ 4 (3.9)
2 (27r)2 L e .

so that the renormalized G [cf. (2.4)] of

G(rsx’y;uJV7f,L) = Z(;GB(r,x,y;uo(u)L“/2,Z2'1N,f,a)
(3.10)
is free of singular terms as a/L — 0.

Note that Z, is identical with that for linear polymers,!®
and hence y,(u) of (2.13) is also the same

u
(2m)?

Therefore, eq 2.11 indicates that G must be written in
terms of the same scaling variables as for linear polymers'?

¢t = (2rN/L)2a(1 - g)1+/8 (3.12)

volu) = + 0@u? (3.11)

X = c¥1-a)V4/2N =
(€2/2N)[1 + £ + H/8|V22xN /L)~ /OL/0+0] (3.18)
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where
=u/u* (3.14)

and @ = 0 implies { = 0 gives the Gaussian chain limit,

whereas @ = 1 implies { = = gives the asymptotic self-

avoiding limit of fully developed excluded volume.

Equation 3.13 involves the effective {-dependent exponent
§

2v(§’)—1+—————

s1+¢ (3.15)

Since G produces a distribution function when nor-
malized, it must be a nonnegative quantity. The simple
traditional perturbation expansion (3.2) does not generally
preserve this essential property, but this difficulty is simply
remedied by utilizing instead a perturbation expansion of
In G in powers of vy and e. To lowest order this merely
implies the exponentiation of the first-order terms to give

G(ax,yu,N,L) =
(27N /L)~ /8/ A+ 0N+ -DE-2/%9 N (y ~ x)j 242 X

e §
exp[—a—gl—H‘% 3y-Inx-In(1-y) +

31n(y—x)+§—a[1+ln(y-—x)—(7+lna)}—

3Ina+ {(1+x—y)x

1
aly - x)
(vr¥5s) el 23)
exp y exp -
(1—x)exp( Y- )

y-x y—x y-x
El(a . )+E1(a1_y)—E1(aIT_y)—

(e72)#lss2) <ok
Fy o - o +(f-1)3yn2+Inx -

y—x y-

In(1+x)+

1
a(y_x)[(2+x—y)x

Y x 1+ ) X
exp _a2+x—y - x=-y

27 1+ 22 )4
exp\ ~e 7T -(1+y) exp U

y-x |
— +
yexp( o )

El(al—i%i—;) —El(a2—i;—i—y) -E (ay _x) +
(w252 ) #{og%s) (222 1]

where we have the definition

= X[1+ {1+ Q74 (y —x) =
{€2/2N(y — x)}(2xN /L)"/DL/0+9] (3,17)

When f = 1 and when (3.16) is taken in the asymptotic
scaling limit { — «, then (3.18) reduces to the previous
result.l” Equation 3.16, hence, provides the appropriate
crossover generalization for a linear polymer by taking f
=1 and { # «, but this case could readily be obtained by
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introducing the techniques of ref 19 into ref 17. Note that
the correspondence between the f = 1, { = « limit of (3.16)
and the linear-chain case!” is obtained with the aid of the
relations

Fla\) = ?‘1;[1 - exp(-a/N)] -

1 ! at?
;‘f; {exp[—m] - 1; dt/t2 (3.18)

E,(x) = —E(-x) (3.19)

B. Case Where Both Segments Lie on Different
Branches. Now let r = r, - r, again and take the seg-
ments at r;, Nyx and r,, Nyy to lie on different branches.
The diagrams for Gy’ in this case are given in Appendix
B. Those in (B.1)-(B.6) could be extracted from a line-
ar-chain calculation with a chain of bare length 2N, The
contributions (B.7)—(B.12) are particular to star polymers.
The perturbation expansion is of the same form as (3.2)
with Gy’ and G, respectively, replacing Gy and G;.
Collecting terms from Appendix B yields

G, (e,Nox,Nyy) =
GoleNy(x + y))— [u—(a—1)1n£+
0 0 27)? 0 a
-1 - N,
(f_l)z(f_zl _°+1 3y-In(l-x) -

ln(l—y)+31n(x+y)+—2——-3lna0
afl +1In(x +y) - (~y+1n ap)} +

x+y x+y x+y
— + —_— —_ — —
El(aol—x) El(aol—y) El(a°2—x—y)
1-y 1-x 1
. - » + —
F(ao’x +y) F(ao’x +y) ag(x +y){(2 *

x+y
1-

x+y
y) exp By 5 - (1 +y) exp| -«

x+y
1+ x) exp(—aol )} +

(f—2){3—2'y+f——2lnao+2ln(x+y)+
o

2
1 X
— | 2 +y) -xYexpy-————( -
aox2[{( y) - %% p{ 2(x+y)_x2}
opx?
x+y-xHexpl -———— | -
(x +y-29) p( x+y_x2)
2
x+y+xy
2 a agx?
2 el - ) —2 )+
aox y 2x + y) - x?
agx? apx? aox
—— )+ ———}-2E| — )+
El(x+y—x2) El(x+y+xy) 1( y )

1 Come ) a®
Czoy2|:{2(x+y) y}exp{ 2(x+y)_y2}

{(x + y)(1 + x) + xyl exp
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agy?
(@ +y-59) exp(——————z) “{x+y1+y+
x+y-y

x}ex ___a;.yz_ +_2iex _301 -
Y exp x+y+xy agy P x

2
El ___a.o_y____, +
20x + y) -

2 2
E1 _&.y__ +E1 __w._y_._ _2E1 ﬂ -
x+y-32 r+y+xy x

-2)(f-3
Flagx) - F’(ao;y)} + %—)(1 -In 2)] (3.4
where
ag = 02/2N0(x + y) (3~5’)
Flagh) = (x + 9)? Yoo+ 2)dt
a0 =T Y o {x+ A +1) -t
a0t2
expy- (3.7

(x +y)(A + ¢t) - ¢

We now follow the same techniques as in section IIIA
to obtain the unnormalized interbranch intersegment
vector distribution to first order in ¢ as

Glax,y;uN.L) =
27N )-(6/8)[r/(1+§)]l1+(f-1)(f—2)/2]

T [2rN(x + y)] 22 x

e ¢
exp[—a—gl—ﬂ_ 2-3vy+1n2-

ln(l—x)—ln(l—y)+31n(x+y)+§—3lna—

x+y

1-y x+y
. + -
F(a’x +y) El(al-—x)
x+y x+y
El(al—y)-El(aZ—x—y)-'-

1 @- ) x+y
alx + y) x =y exp -a2 X-y -

x+y x+y
(1+y)exp e - (1 + x) exp —al—y +

(f—2){2—2—y+2ln2+21n(x+y)+§—21na+

1 w2 -
x2[{2(x+y) x]exp( 2(x+y)—x2)

2

a{1—7+ln(x+y)}+a1na—F(a;1_x)—

ax
(x+y-xYex _—
P x+y-x2

ax?
fx + y)1 + x) + xy} exp(—m) ] +

2y ( ax) ax?
—expl-—=)-E} ———— } +
ax y 2x + y) - x?
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ax? ax? (ax )
— )+ E| —) - =)+
El(x+y—x2) 1(x+y+xy) 2E, y

b el —
yz[{2(x+y) ylexp{ 2(x+y)_y2}

2

(x + %) cd
x -y)exp{ ———m— ] -
y -y exp Tty
+y)0+y) + _ ] +
{(x +y)(1 +y) + xy} exp ity iy

2x ay
—expl-— ) -E
ay (x) (2(x+y) )
ay?
—_ ) 4+
El(x+y_y2) E(x+y+xy)

2E1(a§) - Fasx) = Fley) (3.16")

where
a=X[1+ 81+ 98 Y4/ (x +y) =
{e?/2N(x + 2w N /L)y /8L/0+0] (3.177)

It is readily seen that (3.16’) reduces to the linear polymer
case of a chain of length 2N when f = 2,

C. Total Number of Conformations and Normali-
zation. The distribution functions G and G’ are nor-
malized by dividing by the quantity

fdr G(r,x,y;u,N,fL) = CN*rl (3.20)
giving the total number of star polymer conformations
between the segments x and y relative to that for a

Gaussian star polymer. Since the zeroth-order G, is nor-
malized

f de Gole,No(y £ 1) = 1 (3.21)
using (3.17) or (3.17"), we obtain

chGm¢JWWVL)=J“G@xmmNLMPWda

2 N \ &/ DL/ A+H]
_ 2-¢/2
[2N(y - x)] ( T )

f "Gla,x,yuN, L)t 2 da [2N(x +

9N \&/905/1+0]
2-¢/2
¥ ( 7 )

giving the effective exponent in the crossover regime

: r{l_v—nv—m

« NS/ A+0-¢-0¢-2/2 (3,99)

w=lrg ey 2

} (3.23)
Yf=1 @nd 7=y coincide with the linear polymer result.’® It
is interesting that the coefficient of e vanishes for f = 3 and
becomes negative for f = 4. This indicates a crowding
effect due to the presence of many branches that leads to
a diminution of the number of chain conformations.

IV. Mean Square Intersegment Distance and
Radius of Gyration

The calculation of the mean square intersegment dis-
tance follows straightforwardly from section III by inte-
gration. Using (8.16), (3.17), and (2.1) yields for two seg-
ments on the same branch
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Figure 1. R = (1), /NI(2xN/L)/® vs.y in the self—avo:dmg limit

for different values of f, the number of branches. (r?),, is the
mean square distance of a segment located at the contour distance
Ny along a branch from the center of a star polymer.

(£%)., = LIN(y - 2)(@rN /L) /o091 x

Q.

J;mG(oc,Jc,y;u,N,L)oz“’"/2 de/

j; "Glayx,yiu,N,L)a/2 da = NIZwN /L)e/9L/a+D)(y -

§ { x 1-y
1- Iny- In
y Yy

x)1+(e/s>[c/(1+m[ 1-+<

81+¢ -x y-x
1-y l1+x-y
1-x)+ ln(l y) + lnx+————
y-= y- 2
x x
(-1 In v - _
)[ poppe ny y_xlnx

ln(1+ y) +
y

2y, (1+x)]}] (41

When the segments are on different branches, combining
(3.16), (3.17’), and (2.1) produces

(r?),, = §2N(x + y)(2aN /L)/BL/a+0] x

j;mG’(a,x,y;u,N,L)ah/z de/

j; Gax,y;u,N,L)ar*/? da =
NI2xN /L)«/®E D)y 4+ )i esi/asn) x

+
[1—5 §{§-x Yyl oy -

81+ {2 4 x+y
- 1- -x
Y na+ + - -
Ty n(l+x) ln(l x) — +y><
+y xy 1
In(1+y)+F-2 - -
n( N+{E-2 4 2 +y) x+y

ln(1+y)—x+

! ma+ x)]}] 4.2)
y

Therefore, the mean square radius of gyration is obtained
from
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Figure 2. dR/ dy vs. y in the self-avoxdmg limit for different
values of /. R = (r?),,/NI(2xN/L)!/8 is the dimensionless mean
square distance of a segment located at the contour distance Ny
from the center of a star.

1 1
(82) = %f dxf dy (x?),, +
Lif 22N \2® 3)‘—2
T L - w( I ) [

s { L DG - 5) . 2}](43)
8 r+1)72 3f
Equation 4.3 reduces to the well- known Gaussian limit?
involving the factor (3f — 2)/6f. Again we recover the linear
polymer limits? for f = 1 or 2.

Figure ratio presents R = (rz)o,y/Nl(Zﬂ'N/L)l/s vs. y in
the self-avoiding ¢ = = limit. This gives the variation in
the mean square distance of a segment from the center as
a function of the contour length along a branch. (The
normalization factor is just (r?) for the ends of a linear
chain of length N in good solvents from the O(¢) calcula-
tion.) Figure 2 provides the derivative with respect to y
to indicate the substantial regions of linear dependence
on y in contrast to bloblike assumptions even for f = 1 or
2 of a linear dependence for small y, which becomes a v
form for large y. Note that for large f we have instead a
faster than linear rise, i.e., more expansion, for small y and
a slower one for large y. Clearly, the simple blob-type
models inadequately describe intersegment distances. RG
calculations could be helpful in formulating better models,
but then the RG analysis is now possible for interesting
polymer quantities, so the blob model should be used with
caution. As f increases, the local expansion about the star
center increases, and the decreased expansion at the outer
extremities continues. The former arises because of the
higher density of segments near the star center. The ex-
pansion along the branch is surprisingly uniform for f <
5.

The ratio of (8?);to (8?)., is presented as a function
of the crossover parameter ¢ for e = 1

S = (S2>f/(s2>,__ = 3_/'?_2 1-
e 13 (-DG-2) 4¢-DE -5
81+¢ G3f-2) Gf-2
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Figure 3. Relative mean square radius of gyration § = (§%),/
{S%)e1 V8. the crossover parameter { for various values of number
of branches f, where the length N of each branch is constant.
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Figure 4. Relative mean square radius of gyration S’ =
(S2)f /(S%)a vs. the crossover parameter { for various values of
f, where the total molecular weight of stars is kept constant, i.e.,
fN = constant.

in Figure 3 for a star polymer with f branches of length
N. Polymer expansion with increased f is clear from Figure
3. If the overall molecular weight of the star is maintained
constant, i.e., fN = constant, the ratio becomes

3f-2 € § 13
-5

= 2y 7 2 -
S’=(82)/ /(8% [Z S1+¢

F-DF-2) 4(-1Ef-5)
(3f-2) (3f-2)
and is also displayed in Figure 4, where the ratio for f =

2 is unity for any ¢, since this type of f dependence has
often been considered in the literature.

In2+1In f} ] (4.4)

V. Osmotic Second Virial Coefficient

The bare second virial coefficient for a star polymer with
f branches of equal bare length N; and another with g
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Figure 5. Relative osmotic second virial coefficient A =

Aq(f,N)/A5(1,N) vs. the crossover parameter { for various values

of number of branches f, where the length N of each branch is

constant.

branches of equal bare length M, is defined by
[Py(f,Nosg,Mo) — P1(f.No)P1(g,Mo)IN s

2VP,(f.No) P, (g.Mp) M(fN o)-/"l(gfz’fo) )
5.1

Agp(f,Nog,My) = -

where P, and P, are the partition functions for the pair
of interacting chains and for a single chain, respectively,
N, is Avogadro’s number, V is the volume of the solution,
and M(fN,) is the molecular weight of the star polymer
of f branches with length N,. The diagrams for calculating
Ayp along with their values to order ¢ and v, are given in
Appendix C.

The renormalized (self) second virial coefficient when
f =g and Ny = M, is defined in the a/L — 0 limit as

As(f.N;u,L) = App(f,Z,'Nyug(u,a /L) ,a) =
uL™/2N,(fN)?

d/2 ~(e/)[5/(1+9)]
(l/d) S MGNY (2xN/L) X
1—5—§ 1-4In2+(-1)(16ln2-9In3) +
81+ f n n n

(f-1)%-14In 2 +9In 3)}] =

e UL+ DN (u)d/? )
16 [1 + {(1 + DYSLM(GNY? (@nN/LY™

d

$
€
exp[—g———1+§{1—4ln2+(f—1)x

(16ln2-9n3)+ (f-1)%(-14=n2+91n 3)}] (5.2)

where

€ € §_
=2--+-—— + 0 .
dv =2 st iT+¢ O(e?) (5.3)
(2.15), (8.12), and (3.14) are used to replace u, and the
exponentiation is introduced to avoid obtaining unphy-
sically negative values for A, when excluded volume is
positive. The second virial coefficient is given previously'®
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1

Figure 6. Relative osmotic second virial coefficient A’ =
A%(f,N)/As(1,N) vs. the crossover parameter { for various values
of f, where the total molecular weight is kept constant, i.e., fN
= constant.

o

o wa
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o : 7 . . : : =
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¢

Figure 7. Interpenetration function ¥ vs. the crossover parameter
¢ for various values of £, the number of branches. The curve with
no f value is for f = 20.

for linear polymers f = 1 or 2. Although the diagrams and
renormalization are correctly presented, the final formula
is incorrectly presented.?

The ratio of A.(f,N) to A,(1,N) for fixed branch size N
is obtained as

e

€
§1+§{(f'1)x

A= Az(fsN)AZ(laN) = exp[_

(16lIn2-9In3)+ (f-1*(-14In2+91In 3)}] (5.4)

and is depicted in Figure 5 as a function of { for e = 1. The
effect of the branches is shown to become stronger as {
increases. When the overall molecular weight of the star
is kept constant, i.e., Nf = constant, utilizing the fact that
u is independent of N and f, we obtain

A’= AY(f,N)/A)(LN) = exp[—é 1T§§{(f_ 1)(161n 2

—91n3)+(f—l)z(—141n2+91n3)—21nf}] (5.4")
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which is displayed in Figure 6, where the ratio for f = 2

is unity for any ¢, The decrease of A, in the self-avoiding

limit is suppressed in Figure 6 in comparison with Figure

5.

The interpenetration function ¥ is defined in d (=4 -
¢) dimensions by

24, M(fN)YX(d /3)4/?
¥ = (5.5)
(47r)d/2(S2>d/2NA
reducing to the conventional definition for d = 3.2 Col-

lecting the expressions for A, and (S?) and exponentiating
(4.3) also lead to

_e fa+ o ( f )2“/22 e £

81t on\ir-z) Pl Tas
13f 4(f - 1)(3f - 5)(

6(3f—2)+ -2 21ln2-

1-4In2-

l:’1) +(f-1)(16n2-91n3) +
12
(f-1)%-141n2 +91n 3)} ] (5.6)

which is independent of N apart from the implicit de-
pendence of {on N. ¥ vs. { for ¢ = 1 is presented in Figure
7. Here we notice that ¥ increases near the Gaussian limit
of { ~ 0, but it displays a maximum for f = 4 at the
self-avoiding ¢ = « limit.

VI. Discussion

The chain conformational space renormalization group
method has been used to calculate the distribution func-
tions for intersegment distance vectors, the mean square
intersegment distances, the mean square radius of gyration,
the osmotic second virial coefficient, and the interpene-
tration function for star polymers with f branches of equal
lengths (i.e., branch molecular weights). Not only do the
calculations provide the scaling functions and exponents
v, v, etc., but we also consider all prefactors, numerical
coefficients, etc., as well as the full crossover dependence
on the strength of the excluded volume interaction and the
chain length. The extension of the calculations to cases
where the branches have unequal lengths or to other
geometrical branching patterns like comb polymers is
straightforward but too lengthy to present here.

The calculated results vividly exhibit how the local ex-
pansions near the center of the star polymer become more
significant as f increases due to the higher segment density
in that region. Furthermore, the local expansion is shown
in Figure 2 to be diminished near the ends of the branches
as if to compensate for the increased expansion in the
interior of the star polymer. These features appear to be
quite different from those proposed in the blob model by
Daoud and Cotton,!? who assumed the presence of three
different regimes as a function of increasing distance from
the center of the star: (1) the inner region is taken to be
a close-packed core, (2) the intermediate region is argued
to be Gaussian because of screening of excluded volume,
and (3) the outer region has excluded volume effects within
the blobs. Daoud has informed us of unpublished calcu-
lations showing increased stretching in the interior region,
in agreement with our more rigorous theory.

Our polymer model (2.2) cannot be applied to the limit
of rather large f where a central hard-packed core emerges,
because this traditional é function model in (2.2) is inad-
equate to describe hard-core packing. Recent experiments
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by Huber et al.?6 suggest that these corrections are nec-
essary for f > 7, so our theory is applicable for f 7. We
have extended the chain conformation space renormali-
zation group theory to include three-body interactions
which model the central hard-core packing in the 6-point
region,?” and it will be of interest to apply this theory to
star polymers with large . The model of Daoud and
Cotton is probably more oriented to this high-f range.
Their assumed intermediate-range screening is not ob-
served in our calculations. Perhaps the fact that the
branches are connected in a star leads to a qualitatively
different type of “screening” than that due to separate
chains in semidilute solutions.

In the crossover regime the polymer properties are de-
pendent on a scaling variable { lying in the range 0 < { <
«, with { — 0 giving the Gaussian chain limit and {—
the self-avoiding chain limit of fully developed excluded
volume. ¢ is a renormalized version of the empirical z
parameter of the two-parameter theory. {is proportional
to NV/2 (for d = 3) as well as a nonanalytic function of the
renormalized, macroscopic excluded volume interaction.
The latter is a complicated many-body quantity whose true
dependence on the microscopic intersegment interaction
is beyond the scope of the renormalization group theory.
As emphasized previously'® the best comparison between
experiment and theory is provided by considering a num-
ber of universal observables, which are functions of ¢ only,
and by eliminating { between them to provide relationships
among different observables in the poorly understood and
important crossover region. The use of star polymers with
varying numbers f of branches or of comb, etc., polymers
provides a wealth of this type of universal quantities. For
instance, we have the ratios (82);/(8%)..; and Ay(f,N)/
A,(1,N) for f = 3 as separate universal quantities. These
considerations are important to test whether the simple
model (2.2) is adequate to describe polymer properties in
the crossover limit.

The calculated (8?) for constant N in Figure 3 is shown
to be strongly dependent on f for { 2 1 even though the
effective exponent v({) of (3.15) is identical with that for
one of the branches alone (f = 1) as a linear polymer. This
feature stresses the importance of calculating the prefac-
tors and not just exponents as is done in scaling theories
and in previous renormalization group methods. (S?) must
reach a limiting value in real star polymers for f > 1, but,
as already stressed above, this limit is outside the range
of validity of the present model because of the lack of a
hard core and because the Gaussian chain is infinitely
extensible. Another exponent, describing the total par-
tition function, y(¢), is strongly dependent on £, with its
coefficient of ¢ = 4 — d vanishing for f = 3 and becoming
negative for f = 4.

Traditional perturbation calculations?* have already
predicted a decrease in the second virial coefficient A,(f,N)
with increasing f. However, the interpenetration function
¥ as a function of { emerges here with a more complicated
dependence of f arising from the increase of (82) with f
and the decrease of A, with f, each with a different vari-
ation with {. ¥ for linear polymers, on the other hand, has
been shown'® to be a monotonically increasing function of
{. A, as evaluated in Appendix C has terms through order
u?, but u is retained here only to order ¢, thereby keeping
only a portion of the € contributions. Recent second-order
renormalization group calculations?® have enabled us to
determine the additional order ¢ terms that increase A,
for larger f and lead to a limiting { — « value for ¥ which
is slowly increasing with f in closer accord with expecta-
tions that ¥ approach a hard-sphere limit for large f. The
results of this second-order calculation will be presented
elsewhere.??
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Table I
Values of the Asymptotic ¢ = °© Limiting ¥ * for
Different Numbers of Branches f

f VA f ok
1, 2 0.205¢ 8 0.110
3 0.251 10 0.044
4 0.265 12 0.014
5 0.246 15 0.0015
6 0.205

@ This value seems somewhat smaller than those
reported elsewhere.?

It should be noted that using the conventional d = 3
definition of ¥

U = A,M?/47%/2(82)3/2N, (6.1)

would lead to a calculated nonuniversal ¥ depending on
N as

¥ ~ (2xN /L)/101/0+9] (6.2)

Since the present calculations use ¢ expansions, we em-
phasize that ¥ should be defined in the space of dimen-
sionality d = 4 - ¢ as given by (5.5). This approach pro-
vides us with a ¥ that is a universal function of the scaling
variable {. Note also that { is a function of N by (3.12).
Hence, for the case in which we present results with Nf
= constant actually { has the f dependence of /2. Values
of the limiting { — « universal, asymptotic limit ¥* of the
penetration function are presented in Table I for various
values of /.

The conformational space renormalization group method
can likewise be applied to the calculation of other quan-
tities that are related to thermodynamic and rheological
properties of star polymers. These calculations are planned
for future works in order to enable us to extract the scaling
variable { from comparisons between theory and experi-
ment. Recent renormalization group calculations for
semidilute solutions of linear polymers show how {-de-
pendent quantities at infinite dilution appear as funda-
mental scaling variables in the semidilute region.®® A
similar situation is anticipated for star polymers.
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Appendix A. Intrabranch, Intersegment
Distribution Funection

The first-order contribution G; of (3.2) to
Gp(r,x,y;00,Np,a) has a number of contributions that are
conveniently summarized diagrammatically. Each dotted
line carries a —vyd(r — 1) factor, while the crosses (to be
labeled x and y) represent the designated points with
spatial separation r = (I/d)*/%¢c. All other vertex points,
junctions of dotted with solid lines, have integrations over
their spatial and contour variables, and integrations are
performed over the spatial positions of all branch end
points. For instance, apart from a factor of —vy/N,? the
diagram in (A.1) below has the value

JIiIz f dR; Go(R;,N,)

Sar. fde, fac f ia/NOdT S. T GoR, -

c/,No(l - T))Go(O,No(T - T’))Go(c/ - Cz,No(T/ -
YNGole,No(y — x))Gole1,Nox)
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When the spatial integrations are evaluated, the singu-
larities in the 7 and 7’ integrals are extracted with the
methods described previously!® involving introducing a
cutoff @ as a lower limit on any integrals that would oth-
erwise be divergent. Then the integrals are expanded in
¢ through order . The results of this procedure are
summarized below and in the other appendices for each
diagram individually to facilitate interested readers in
checking their calculations by these methods. It should
be noted that the present method provides final results
for physical observables identical with those of dimensional
regularization methods!®!%® employed in some of the
previous works on linear polymers.

The contributions to Gg(r,x,y;vs,Ng,a) of first order in
v, and order ¢ come from the following terms corre-
sponding to each of the diagrams:

e

Nyl - N,
11=~‘£—y) I —t-ln(1-3)-1 (A
12=—————ln——lnx—1 (A.2)

_H_<

N,
Iy = 1n—+2+—+ln(y—x)—('y+1na0)—

1_
—F(ao; y) (A3)
.

Ny 1
I4=ln—a-—+2+—+ln(y—x)—(7+lnao)—

Xg
) (A4)
x

1 y—x X
a—o exp(—ao " ) - F(ao;y —

No(y - x)

N,
[[=———— —(qp-DIn—-2+
a a

(- Dy +Ingy~1In(y-x)-1] (A.5)

El(ao e )+ 1 [(1+x—
l1+x-y agly - x)

y—x y-—x
¥) exp(-aom)-xexp(—ao . )—(1—

y—-x
y) exp R
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Q4+ x-

).
e

= — -
El(“3y . x) * El("“’i;z) + ao(yl— z)[

_y)—(1+x—y)x
eXP(‘aol—i;_iy) -(1+x) eXp(‘aol T
x exp(-ao

N,
Li=lIn—+lnx-In(1+x)+1 (A9)

No . N
Ip=—~In—-1 (A.10)
a a
No
Ill = ln ;‘ + 1 - ln 2 (A.ll)

Here eq 3.5, 3.6, and 3.7 are used. The two branches to
the right from the center in the diagrams stand for the
other f - 1 branches. G; of (3.2) is written in terms of the
I j as

Gl(caNOx’NO.Y) =
Gole,No(y - x)) @

DUy + Ig + Ig + Ip) + %(f - D(f - 21, (A12)

providing us with (3.4).
Appendix B. Interbranch, Intersegment
Distribution Function

For the calculation of Gg’(r,x,y;00,No,a), the contribu-
tions of the first order in v, are as follows:

/

No(1-y)
=Y
a

J-X(-)—ln 1-y-1 (BI1)

No(1 - N,
J=L(_x_)_1n—0—ln(1—x)—1 (B.2)
2 a a
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No 1
J3=ln—;1—+2+ln(x+y)+&——(7+lna0)—

0
1 x+y 1-y
- - - .— 1 (B.
o exP( aol—y) F(ao’x +y) (B-3)

Ny 1
J4=1n7+2+ln(x+y)+;—(7+lna0)—

0
1 x+y 1-x
a—o exp(—ao - ) - F(ao,x T y) (B.4)

Ny(x + y) N,
Ji= = - (=D -2+

(ag - D[y + In ap—In (x + y) - 1] (B.5)

(o=
x+y
1-v) exp(-ao1 _y)] (B.6)

/

_ L ~ 3 exp a2 ] -
J7 aoyz[{Z(x+y) y}exp( ao2(x+y)_y2)

yZ
(x +y ~ y? exp| ~a
x+y-

2
xy) expl —« _r + = exp(—a X) -
%% + y+xy agy %

2 2
El L +E1 _BL +
2(x + y) — y? x+y-—y?
ogy? oy
El(x +y+ xy) _EI(T) (BD)

S -+ y+

1 x?
Jg = —[2(x + y) - x} exp| ~qp——————— ) -
el A e W T e
2
(x+y-x)expl ~qp——— ) -(x+y+
x +y— x?
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Jexol —a— )+ L ( )
xy) exp a°x+y+xy X P aoy

g’ agx?
2(x + y) - x* x + y - x?

a0x2 aox
E, Ty:—y) E( y ) (B-8)

-

Ny 1
JosIn—+2+—-(y+Ing) +lnx+y -
o &g

E1(ao§) + %[x exp(—aO%) -(x +

y2
¥) exp(-aom) ] - Flagy) (B.9)

o

N, 1
J10=ln7+2+——(7+lna0)+ln(x+y)—
21

X 1 x
- + — — — —_
E1(aoy) > [y exp( aoy) (x +

2
y) exp(—aom) ] - F/(agx) (B.10)

Ny Ny
Jll =—-ln—-1 (B.].].)
a a
Ny
Jig =1n = In2+1 (B.12)

In deriving these results, we have used eq 3.5’ and 3.7
Here the two branches with no crosses to the right from
the center in the diagrams stand for the other f — 2
branches. G, is written in terms of the J; as

G'(e,Nyx,.Nyy) =
1
Gole,Ny(x + y))&—r)‘;

(F=2J + Jg+ dg + Jip + Jy) + 1%lf - 2 - 3)J1,]
(B.13)

[y +o+dy+Jd,+J5+Jg+

providing us with (3.4').

Appendix C. Osmotic Second Virial Coefficient

In order to calculate A.5(f,Npg,M,) to order v ?, we need
to consider only the following contributions:

K, = —voN,M,V (C.1)
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N,
K= )2N0Mo [—lna+(—A70+1)lnN0+
M, (No + M,)*
14— =
( 2N0)lnM° 2N, M,

In (N, + My) + Y,
(C.2)

K3 = K2 (C-3)

M, M,
4 (2 )2N0M0 1 + Fo ln 2 + ].n Mo

No N +MIH(N M) -
2M, 0 NoM, 0 0
(Ny + 2M,)?
W In (N, + 2M0)] (C.4)

—

K; = o )ZNOMO [ (Ho+l)ln2+—lnN0

(Ny +
2N0 ln MO Wln (N0+M0)—
(2N, + M,)? In GN- + M
SNM, n (2N, + M) | (C.5)

K6 =
(No+Mp)? N, M,
N 2In 29 —rar— + o7 +
Y [ { Nol, No
(Ny + M,)? (2No + Mo)2
4———— In Ny + Mp) + ——— x
NM, (N o NoM,
(Np + 2M,)?
In 2N, + M,) + N In (N, + 2M,) -
Ny

InNo- 1, |
MO n 0 No n 0 ( .6)
Each diagram shows excluded volume interactions be-
tween a star polymer of f branches with equal length N,
(upper) and another star polymer of g branches with equal
length M,,. Taking account of (2.1), we have
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, = Naltya)? K, + K, +
Agp(f.Nog.My) = - 2VM(N,) MigM,) [fg(K; 2
Kj) + falg - DK, + f(f - 1)gKs + %f(f - 1)glg - 1()56%
N
which leads to
(/20N (fN) M)
Agp(fNog,My) = S MN MMy
20 { oma+{ 2 so)mn
PTl il DA R
A PRI 7
N, n 0———]—len(No+Mo)+l+
| of Xe 1
f-1 ATO +1)ln2+
No o o My (Np + My)?
Mo n 0 2N n Mo _NOMO_ ].n (NO + Mo) -

(2N, + M)
2NoM,

M,
In 2Ny + M) | + @-1} 2} — +
Ny
M,
1 1n2+mlnM0

N, (No + M)?

— InNy+ ————
oM, NoM,

(N + 2M,)?
ONM,

In (N,

+ Mo) - hl (NO + 2Mo) ] +

hif-1 | -4{ 1+ Mo + My In 2

#f-1DE -1 - AR R
(Ny + M)? (2N, + M,)?
_]V'O‘E—IH(NO"'MO)'F—W

M)+"—'——( 0 0)21 (N +2M)
n
0 ano 0 0.

In (2N0 +

N,
Mo In N, -

M,
N, In Mo ]} ] (C.8)

Putting f = g and N, = M,, we obtain A.p(f,Ny,uq.a) from

(C.8).
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13C NMR Spectroscopic Study of the
Microstructure of Poly(3-methyltetrahydrofuran)
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From thermodynamic considerations it was concluded
in the past that substituted tetrahydrofuran could not
polymerize due to the fact that substitution of hydrogen
atoms by methyl groups in heterocyclic compounds render
the free energy of polymerization positive.! However,
Chiang and Rhodes? accomplished the polymerization of
3-methyltetrahydrofuran at several temperatures. The
polymers obtained were of low molecular weight because
transfer reactions probably took place during the polym-
erization process. More recently, the kinetic and ther-
modynamic aspects of the cationic polymerization of 3-
methyltetrahydrofuran were studied at temperatures lying
in the range 0 to —12 °C using an initiator with a very
stable counterion: acetyl hexafluoroantimonate.? With
this catalyst, “living polymers” were obtained. On the
other hand, it was found that the ceiling temperature of
3-methyltetrahydrofuran is 4 £ 1 °C, a value significantly
lower than that reported for the polymerization of tetra-
hydrofuran (THF), which is in the vicinity of 86 °C.# The
enthalpy and entropy of polymerization also were calcu-
lated and their values were —5.4 kcal mol™ and —19.5 cal
K mol ™, respectively.? The former value is similar to that
obtained for THF, but the latter is lower than that found
for the entropy of bulk polymerization of THF (-12.5 cal
K mol)*®,

3-Methyltetrahydrofuran presents two different adjacent
carbon atoms to the monomeric oxygen atom; as a con-
sequence, the ring opening of the heterocycle can occur at
i or j bonds in the monomer ring

and therefore different structures may be formed. In this
work we report preliminary results on the microstructure
of poly(3-methyltetrahydrofuran), as determined by *C
NMR spectroscopy.

Scheme 1

j CH
AL O
0
B g
Y

3

j CH

¢y ek 3 2
/{\/03’ 34 o:j tt

Y i i

2

2

Experimental Part

Materials. The monomer (3-methyltetrahydrofuran) (Fluka),
acetyl chloride (Merck), and silver hexafluoroantimonate (Ven-
tron) were purified as previously described.® The initiator acetyl
hexafluoroantimonate was prepared according to procedures
described elsewhere.®

Polymerization. Bulk polymerizations of the monomer were
carried out under high vacuum at —4 °C (polymer A) and —25 °C
(polymer B) using initiator concentrations of 2.6 X 1072 and 0.85
% 1072 mol L%, respectively. The polymerization reactions were
terminated with an aqueous solution of sodium carbonate, and
the polymers were extracted with benzene, precipitated with
methanol, and, finally, freeze-dried from benzene solutions at room
temperature. The values of the number-average molecular weight
of the polymers, determined at 37 °C in chloroform solutions with
a Knauer vapor pressure osmometer, are shown in Table II.

13C NMR Analysis. The 3C NMR spectra of the polymers
were recorded at 26 °C with a Bruker HX-90E Fourier transform
spectrometer at 22.63 MHz, using deuterated chloroform as solvent
and tetramethylsilane as internal reference. Quantitative spectra
were obtained by using long pulse delay times (>10 s) and inverse
gated decoupling techniques in order to eliminate the nuclear
Overhauser enhancement.

Results and Discussion

In a recent work® it was reported that the mechanism
of the cationic polymerization of 3-methyltetrahydrofuran
is similar to that of tetrahydrofuran. The polymerization
reaction is produced by nucleophilic attack of the monomer
oxygen atom on the carbon atom in « position relative to
the oxonium ions, according to the mechanism shown in
Scheme I, where hh, ht, th, and tt refer, respectively, to
head-to-head, head-to-tail, tail-to-head, and tail-to-tail
structures. As in the case of poly(2-methyloxacyclobutane),
the fraction of the different structures along the chains can
be quantitatively estimated by *C NMR spectroscopy.'®!!
The 13C NMR spectrum of the polymer, shown in Figure
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